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We study S-wave resonance contributions to the B0(s) → J/ψpi
+pi− and Bs → pi
+pi−µ+µ− decays
in the perturbative QCD framework by introducing two-hadron distribution amplitudes for final
states. The Breit−Wigner formula for the f0(500), f0(1500), and f0(1790) resonances and the
Flatte´ model for the f0(980) resonance are adopted to parametrize the timelike scalar form factors
in the two-pion distribution amplitudes, which include both resonant and nonresonant contributions.
The resultant branching fraction and differential branching fraction in the pion-pair invariant mass
for each resonance channel are consistent with experimental data. The determined S-wave two-pion
distribution amplitudes, containing the information of both resonant and nonresonant rescattering
phases, can be employed to predict direct CP asymmetries of other three-body hadronic B meson
decays in various localized regions of two-pion phase space.
PACS numbers: 13.20.He, 13.25.Hw, 13.30.Eg
I. INTRODUCTION
After the LHCb Collaboration measured sizable direct CP asymmetries in localized regions of phase space [1–4],
three-body hadronic B meson decays have attracted a lot of attention recently. To calculate direct CP asymmetries
in the kinematic region with two final-state hadrons almost collimating to each other, we have proposed a theoretical
framework based on the perturbative QCD (PQCD) approach with the crucial nonperturbative input of two-hadron
distribution amplitudes [5, 6]. The typical PQCD factorization formula for a B → h1h2h3 decay amplitude is written
as [5, 6]
A = φB ⊗H ⊗ φh1h2 ⊗ φh3 , (1)
where the leading-order hard kernel H contains only one hard gluon as in the formalism for two-body B meson decays,
and the B meson (h1-h2 pair, h3 meson) distribution amplitude φB (φh1h2 , φh3) absorbs nonperturbative dynamics
in the process. The analysis of three-body hadronic B meson decays is then reduced to that of two-body ones.
Fitting the timelike form factors and rescattering phases contained in the two-pion distribution amplitudes to relevant
experimental data, we have been able to make predictions for the direct CP asymmetries in the B± → π+π−π± and
π+π−K± modes, which are consistent with the LHCb data in the localized region of the pion-pair invariant mass
squared m2π+π−low < 0.4 GeV
2 [7].
A limitation of the study in Ref. [7] is that only nonresonant contributions to the timelike form factors were
included, so it cannot be extended to regions involving intermediate resonances. In this paper we will propose
parameterizations of the complex timelike form factors, which include both resonant and nonresonant contributions,
taking the S-wave two-pion distribution amplitudes as an example. The LHCb data of Bs meson decays through
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2S-wave resonances, such as Bs → J/ψf0(980)[f0(980)→ π+π−] and Bs → f0(980)[f0(980)→ π+π−]µ+µ−, are then
adopted to fix involved parameters. It will be demonstrated that the resultant branching fraction and differential
branching fraction in the pion-pair invariant mass for each S-wave resonance channel agree with the data. It implies
that the PQCD approach [8–10] is an appropriate framework for analyzing three-body hadronic B meson decays. The
determined S-wave two-pion distribution amplitudes, containing the information of both resonant and nonresonant
rescattering phases, can be employed to predict direct CP asymmetries of other three-body hadronic B meson decays
like B± → K±π+π− and B± → π±π+π− in various localized regions of two-pion phase space. The same formalism
will be applied to the extraction of the P -wave two-pion distribution amplitudes from, for instance, the Belle data [11]
in the future.
The Bs → J/ψπ+π− decay was first measured by the LHCb Collaboration [12], one of whose channels Bs →
J/ψf0(980)[f0(980)→ π+π−] with a CP -odd final eigenstate can be used to extract the mixing-induced CP violation
phase φs. A modified Dalitz-plot analysis [13] indicated that the f0(980) and f0(1370) resonances give the dominant
intermediate contributions, about 70% and 21% of the total decay fraction, respectively. It was shown based on
3 fb−1 of integrated luminosity [14] that the S-wave resonances f0(980), f0(1500) and a so-called f0(1790) state,
along with tiny components from the D-wave resonances f2(1270) and f
′
2(1525), well describe the Bs → J/ψπ+π−
data. The Cabibbo- and color-suppressed decay B0 → J/ψπ+π− was first observed by the BABAR Collaboration
with the branching ratio (4.6 ± 0.7 ± 0.6) × 10−5, to which the B0 → J/ψρ0 channel was found to contribute
(1.6±0.6±0.4)×10−5 [15], and (2.7±0.3±0.17)×10−5 in a later improved measurement [16]. The LHCb Collaboration
confirmed these results by investigating resonant components in the B0 → J/ψπ+π− mode thoroughly [17, 18]: the
intermediate ρ0 meson dominates, contributing about 63% of the total decay fraction [17], and the S-wave resonance
f0(500) is the next, giving about 22% [17]. In contrast to the sizable f0(500) component, another S-wave state f0(980)
was not seen in the B0 → J/ψπ+π− decay [17, 18].
The first observation of the Bs → π+π−µ+µ− decay and the first evidence of the B0 → π+π−µ+µ− decay have
been announced by the LHCb Collaboration [19], with the branching ratios (8.6 ± 1.5 ± 0.7 ± 0.7) × 10−8 and
(2.11 ± 0.51 ± 0.15 ± 0.16) × 10−8, respectively. Within the measured range of the pion-pair invariant mass 0.5-
1.3 GeV, the Bs → f0(980)µ+µ− (B0 → ρ(770)0µ+µ−) channel is expected to dominate in the former (latter),
contributing (8.3± 1.7)× 10−8 ((1.98± 0.53)× 10−8). Hence, the Bs → π+π−µ+µ− data also provide a useful input
for the determination of the S-wave two-pion distribution amplitudes. It will be shown that they are crucial for fixing
the involved Gegenbauer coefficient, to which the Bs → J/ψπ+π− data are less sensitive. For an independent study of
the B0 → π+π−µ+µ− decay in the light-cone sum rules, refer to Ref. [20]. The B0 → ρ(770)0[ρ(770)0 → π+π−]µ+µ−
decay is applicable to the extraction of the P -wave two-pion distribution amplitudes stated before.
The factorization formalism of the B0(s) → J/ψπ+π− and Bs → π+π−µ+µ− decays with the inputs of the S-wave
two-pion distribution amplitudes is established in Sec. II. The associated timelike scalar form factors are parameterized
in terms of the Breit-Wigner (BW) model for the f0(500), f0(1500) and f0(1790) resonances and the Flatte´ model for
the f0(980) resonance. In Sec. III the relative strengths and strong phases among the above resonances are determined
by fitting the factorization formulas to the LHCb data. It will be highlighted that the obtained differential branching
fraction in the pion-pair invariant mass for each resonance channel matches well the experimental one. Especially, our
results for the Bs → J/ψπ+π− decay favor the ”Solution I” set of branching fractions for various resonances presented
by the LHCb Collaboration [14]. Section IV contains the conclusion. The explicit PQCD factorization formulas for
all the decay amplitudes are collected in the Appendix.
II. DECAY AMPLITUDES
A. B0(s) → J/ψpi
+pi− Decay
The B0(s) → J/ψπ+π− modes mainly proceed via quasi-two-body channels containing scalar or vector resonant states
as argued in Refs. [5, 7]. For discussions on the Bs → J/ψf0(980)[f0(980) → π+π−] channel, refer to Refs. [21–25].
The chiral unitary approach including final state interaction [26–28] was employed to investigate the B0(s) → J/ψπ+π−
decays recently. The B0 → J/ψπ+π− branching ratio was calculated in the QCD-improved factorization approach,
where a two-meson distribution amplitude for the pion pair and final state interaction were considered [29]. In this
section we derive the PQCD factorization formulas for the B0(s) → J/ψπ+π− decays with the inputs of the S-wave
two-pion distribution amplitudes. It has been postulated that the leading-order hard kernel for three-body B meson
decays contains only one hard gluon exchange as depicted in Fig. 1, where the B0 or Bs meson transits into a pair of the
π+ and π− mesons through an intermediate resonance. Figures 1(a) and 1(b) represent the factorizable contribution,
and Figs. 1(c) and 1(d) represent the spectator contribution.
In the light-cone coordinates, the B0(s) meson momentum pB, the total momentum of the two pions, p = p1 + p2,
3FIG. 1: Typical Feynman diagrams for the three-body decays B0(s) → J/ψpi
+pi−, where B stands for the B0 or Bs meson, and
⊗ denotes the weak vertex.
and the J/ψ momentum p3 are chosen as
pB =
mB√
2
(1, 1, 0T), p =
mB√
2
(1 − r2, η, 0T), p3 = mB√
2
(r2, 1− η, 0T), (2)
where mB denotes the B
0
(s) meson mass, mJ/ψ is the J/ψ meson mass, and the variable η is defined as
η =
ω2
(1− r2)m2B
, (3)
with the mass ratio r = mJ/ψ/mB and the invariant mass squared ω
2 = p2 of the pion pair. Define ζ = p+1 /p
+ as the
π+ meson momentum fraction, in terms of which the other kinematic variables of the two pions are expressed as
p−1 = (1 − ζ)η
mB√
2
, p+2 = (1− ζ)(1 − r2)
mB√
2
, p−2 = ζη
mB√
2
. (4)
The momenta for the spectators in the B0(s) meson, the pion pair, and the J/ψ meson read as
kB =
(
0,
mB√
2
xB , kBT
)
, k =
(
mB√
2
z(1− r2), 0, kT
)
,
k3 =
(
mB√
2
r2x3,
mB√
2
(1− η)x3, k3T
)
, (5)
where the momentum fractions xB, z, and x3 run between zero and unity.
We introduce the distribution amplitudes for the pion pair [30–32],
ΦIvν(z, ζ, ω
2) =
1
2
√
2Nc
∫
dy−
2π
e−izp
+y−〈π+(p1)π−(p2)|ψ¯(y−)γνTψ(0)|0〉, (6)
ΦIs(z, ζ, ω
2) =
1
2
√
2Nc
p+
w
∫
dy−
2π
e−izp
+y−〈π+(p1)π−(p2)|ψ¯(y−)Tψ(0)|0〉, (7)
ΦItν(z, ζ, ω
2) =
1
2
√
2Nc
f⊥2π
w2
∫
dy−
2π
e−izp
+y−〈π+(p1)π−(p2)|ψ¯(y−)iσµνnµ−Tψ(0)|0〉, (8)
where T = 1/2 (T = τ3/2) is for the isoscalar I = 0 (isovector I = 1) state, Nc the number of colors, ψ the u-d doublet,
z the momentum fraction carried by the spectator u quark, and n− = (0, 1,0T ) a dimensionless vector. For I = 1,
the P -wave is the leading partial wave, and ΦI=1vν=− and Φ
I=1
tν=⊥ contribute at twist-2. The other components Φ
I=1
vν=⊥,
ΦI=1s , and Φ
I=1
tν=+ then contribute at twist-3. The ν = +, −, and ⊥ components can be extracted by contracting the
above definitions with p+, n−, and piT , respectively. For I = 0, the S-wave is the leading partial wave, and Φ
I=0
vν=−
contributes at twist-2. The others ΦI=0s and Φ
I=0
tν=+ contribute at twist-3. In the case with the pion pair coming from
the s and s¯ quarks, ψ is replaced by the s quark field. A two-pion distribution amplitude can be related to the pion
distribution amplitude through the evaluation of the process γγ∗ → π+π− at large invariant mass w2 [33, 34]. The
extraction of the two-pion distribution amplitudes from the B → ππlν¯ decay has been elaborated in Refs. [35, 36].
The S-wave two-pion distribution amplitudes are collected into [37]
ΦS−waveππ =
1√
2Nc
[
p/ΦI=0vν=−(z, ζ, w
2) + ωΦI=0s (z, ζ, w
2) + ω(n/+n/− − 1)ΦI=0tν=+(z, ζ, w2)
]
, (9)
n+ = (1, 0,0T ) being a dimensionless vector. Their asymptotic forms are parameterized as [30–32]
ΦI=0vν=− =
9Fs(w
2)√
2Nc
aI=02 z(1− z)(1− 2z), ΦI=0s =
Fs(w
2)
2
√
2Nc
, ΦI=0tν=+ =
Fs(w
2)
2
√
2Nc
(1− 2z), (10)
4with the timelike scalar form factor Fs(w
2) and the Gegenbauer coefficient aI=02 . Following the analysis of the LHCb
Collaboration [13, 14, 17, 18], and motivated by the studies in Refs. [38–40], we introduce the S-wave resonances
into the parametrization of Fs(w
2), so that both resonant and nonresonant contributions are included into the S-
wave two-pion distribution amplitudes. For the ss¯ component in the Bs → J/ψπ+π− decay, we take into account
f0(980), f0(1500), and f0(1790) as in Ref. [14]. It was noticed by the LHCb Collaboration that the above resonant
states lead to a fit better than in Ref. [13], where f0(980), f0(1370), and f0(1500) were considered. Note that there is
a resonant state f0(1710), instead of f0(1790), in Refs. [41, 42] with the mass around 1.72 GeV.
For the f0(1500) and f0(1790) contributions, the BW formula is employed
1
m2S − ω2 − imSΓS(ω2)
, (11)
where mS is the pole mass of the resonance, and the energy-dependent width ΓS(ω
2) for a S-wave resonance decaying
into two pions is parameterized as
ΓS(ω
2) = ΓS
m
ω
(
ω2 − 4m2π
m2S − 4m2π
) 1
2
F 2R, (12)
with the pion mass mπ, the constant width ΓS , and the Blatt-Weisskopf barrier factor FR = 1 in this case [13, 43].
The values of mf0(1500) = 1.50 GeV and Γf0(1500) = 0.12 GeV are taken for the mass and the width of the f0(1500)
meson, and mf0(1790) = 1.81 GeV and Γf0(1790) = 0.32 GeV are taken for f0(1790) [14, 41, 42]. The BW formula does
not work well for f0(980), since this meson is close to the KK¯ threshold. We then employ the Flatte´ model [44],
1
m2f0(980) − ω2 − imf0(980)(gππρππ + gKKρKK)
, (13)
with the pole mass mf0(980) = 0.97 GeV [41, 42, 45, 46]. The coupling constants gππ = 0.167 GeV and gKK =
3.47gππ [14, 17] describe the f0(980) decay into the final states π
+π− and K+K−, respectively. The phase space
factors ρππ and ρKK read as [14, 18, 44]
ρππ =
2
3
√
1− 4m
2
π±
ω2
+
1
3
√
1− 4m
2
π0
ω2
, ρKK =
1
2
√
1− 4m
2
K±
ω2
+
1
2
√
1− 4m
2
K0
ω2
. (14)
Considering the relative strengths and strong phases among different resonances, we write the timelike scalar form
factor associated with the ss¯ component as
F ss¯s (ω
2) =
c1m
2
f0(980)
eiθ1
m2f0(980) − ω2 − imf0(980)(gππρππ + gKKρKK)
+
c2m
2
f0(1500)
eiθ2
m2f0(1500) − ω2 − imf0(1500)Γf0(1500)(ω2)
+
c3m
2
f0(1790)
eiθ3
m2f0(1790) − ω2 − imf0(1790)Γf0(1790)(ω2)
, (15)
ci and θi, i = 1, 2, and 3, being tunable parameters. The above parametrization decreases like ω
−2 in the asymptotic
limit, indicating that it also includes the nonresonant contribution [5]. For the dd¯ component in the S-wave two-pion
distribution amplitude, only the resonance f0(500) or the so-called σ meson in literature is needed. It was observed
that the f0(980) contribution to the B
0 → J/ψπ+π− branching ratio is less than 1% compared with the f0(500)
one [17]. That is, the LHCb data [17, 18] disfavor the existence of f0(980) in the B
0 → J/ψπ+π− decay, rendering
doubtful the hypothesis of a four-quark state (with the dd¯ content) for this meson. The f0(500) contribution to the
scalar form factor for the dd¯ component is parameterized as a BW model with the pole mass mf0(500) = 0.50 GeV
and the width Γf0(500) = 0.40 GeV according to Refs. [17, 18, 41, 42, 47],
F dd¯s (ω
2) =
cm2f0(500)
m2f0(500) − ω2 − imf0(500)Γf0(500)(ω2)
, (16)
c being a tunable parameter.
5The differential branching ratio for the B0(s) → J/ψπ+π− decay is expressed as [41, 42]
dB
dω
= τB
ω|−→p1||−→p3|
4(2π)3m3B
|A|2, (17)
with the B0(s) meson mean lifetime τB. The kinematic variables |−→p1| and |−→p3| denote the magnitudes of the π+ and
J/ψ momenta in the center-of-mass frame of the pion pair,
|−→p1| = 1
2
√
ω2 − 4m2π± , |−→p3| =
1
2ω
√[
m2B − (ω +mJ/ψ)2
] [
m2B − (ω −mJ/ψ)2
]
. (18)
The decay amplitudes A from Fig. 1 with the S-wave pion pair in the final state are collected in the Appendix.
B. Bs → pi
+pi−µ+µ− Decay
Next we establish the PQCD factorization formalism for the differential branching ratio of the Bs → π+π−µ+µ−
decay, which is generically a four-body mode. This decay is governed by the effective Hamiltonian
Heff = −GF√
2
VtbV
∗
ts
10∑
i=1
Ci(µ)Oi(µ), (19)
where Oi and Ci are a four-quark or magnetic-penguin operator and its corresponding Wilson coefficient, respectively,
the renormalization scale µ will be set to the b quark mass mb below, GF is the Fermi constant, and Vtb and Vts are
the CKM matrix elements. Equation (19) yields the effective operators for the b→ sℓ+ℓ− transition
iM(b→ sℓ+ℓ−) = iN1
{
(C9 + C10)[s¯b]V−A[ℓ¯ℓ]V+A + (C9 − C10)[s¯b]V−A[ℓ¯ℓ]V−A
+4C7Lmb
qµ
q2
[s¯iσµν(1 + γ5)b][ℓ¯γ
νℓ] + 4C7Rmb
qµ
q2
[s¯iσµν(1 − γ5)b][ℓ¯γνℓ]
}
, (20)
with C7L = C7, C7R = C7Lms/mb, ms being the s quark mass, the lepton-pair momentum q, and the coefficient
N1 =
GF
4
√
2
αem
π
VtbV
∗
ts. (21)
The Bs → π+π−µ+µ− decay amplitude is obtained by sandwiching Eq. (20) between the initial and final hadronic
states, to which only the factorizable diagrams, Figs. 1(a) and 1(b), contribute. The spinor products of s¯ and b are
then replaced by the hadronic matrix elements [48, 49]
〈(π+π−)S(p)|s¯γµγ5b|Bs(pBs)〉 = −i
1
ω
{[
Pµ −
m2Bs − ω2
q2
qµ
]
F1(q2) +
m2Bs − ω2
q2
qµF0(q2)
}
,
〈(π+π−)S(p)|s¯σµνqνγ5b|Bs(pBs)〉 =
[
(m2Bs − ω2)qµ − q2Pµ
] FT (q2)
ω(mBs + ω)
, (22)
that define the Bs → π+π− form factors F0, F1, and FT with the sum of the momenta P = pBs + p. The
explicit factorization formulas for the above form factors are referred to the Appendix. Since the PQCD approach is
applicable only to the large recoil region, the extrapolation of the form factor behavior to small recoil is necessary for
the evaluation of the branching ratio. Here, we adopt the dipole form for the the q2 dependence of the form factor
Fi, i = 0, 1, and T ,
Fi(q2) = Fi(0)
1− aiq2/m2Bs + bi(q2/m2Bs)2
, (23)
where the shape parameters ai and bi, depending on ω
2, will be obtained from the knowledge in the range q2 < 10GeV2.
A general differential decay width for the B → h1h2ℓ+ℓ− mode with various partial wave contributions has been
derived using the helicity amplitudes in Refs. [50, 51]. In the case with the dominant S-wave contribution, the angular
distribution is written as
d3Γ
dω2dq2d cos θℓ
=
3
8
[
Jc1 + J
c
2 cos(2θℓ)
]
, (24)
6with θℓ being the polar angle between the ℓ
− and Bs moving directions in the lepton-pair rest frame. The angular
coefficients are given by
Jc1 =
[
|A0L0|2 + |A0R0|2 + 8mˆ2ℓ |A0L0A0∗R0| cos(δ0L0 − δ0R0) + 4mˆ2ℓ |A0t |2
]
,
Jc2 = −β2ℓ
[
|A0L0|2 + |A0R0|2
]
, (25)
with βℓ =
√
1− 4m2ℓ/q2 and mˆℓ = mℓ/
√
q2, in which the subscript t denotes the timelike component of a virtual
state decaying into a lepton pair, and the strong phases δ0L0 and δ
0
R0 associated with the helicity amplitudes AL0 and
AR0, respectively, vanish at leading order in the strong coupling αs. The helicity amplitudes are expressed, in terms
of the form factors, as
A0L/R,0 =
√
N2
i
ω
[
(C9 ∓ C10)
√
λ√
q2
F1(q2) + 2(C7L − C7R)
√
λmBs√
q2(mBs + ω)
FT (q2)
]
,
A0t = 2
√
N2C10
i
ω
[
m2Bs − ω2√
q2
F0(q2)
]
, (26)
with the factor
N2 =
1
16π2
N1Nππ
√
1− 4m2π/ω2, Nππ =
√
8
3
√
λq2βℓ
256π3m3Bs
, (27)
and the function λ ≡ λ(m2Bs , ω2, q2) = (m2Bs − ω2 − q2)2 − 4ω2q2.
III. NUMERICAL RESULTS
In addition to the quantities that have been specified before, we take the following inputs (in units of GeV) [7, 41, 42]
Λ
(f=4)
MS
= 0.250, mB0 = 5.280, mBs = 5.367, mJ/ψ = 3.097,
mπ± = 0.140, mπ0 = 0.135, mb = 4.66, ms = 0.095, (28)
the mean lifetimes τB0 = 1.519 × 10−12 s and τBs = 1.512 × 10−12 s [41, 42], and the values of the Wolfenstein
parameters in Refs. [41, 42]. Choosing the Gegenbauer coefficient as aI=02 = 0.2, we extract the parameters from the
LHCb data [14],
c1 = 0.900, c2 = 0.106, c3 = 0.066, c = 3.500,
θ1 = −π
2
, θ2 =
π
4
, θ3 = 0, (29)
which correspond to the branching ratios
B(Bs → J/ψf0(980)[f0(980)→ π+π−]) =
(
1.15+0.49−0.38(ωBs)
+0.18
−0.15(a
I=0
2 )
+0.02
−0.01(mc)
)× 10−4,
B(Bs → J/ψf0(1500)[f0(1500)→ π+π−]) =
(
1.62+0.54−0.42(ωBs)
+0.28
−0.20(a
I=0
2 )
+0.03
−0.02(mc)
)× 10−5,
B(Bs → J/ψf0(1790)[f0(1790)→ π+π−]) =
(
3.26+0.82−0.71(ωBs)
+0.54
−0.38(a
I=0
2 )
+0.05
−0.04(mc)
)× 10−6,
B(B0 → J/ψf0(500)[f0(500)→ π+π−]) =
(
6.91+3.37−2.16(ωB)
+1.58
−1.15(a
I=0
2 )
+0.09
−0.08(mc)
)× 10−6, (30)
with the three errors coming from the variations of ωBs = (0.50 ± 0.05) GeV [52] or ωB = (0.40 ± 0.04) GeV,
aI=02 = 0.2 ± 0.2, and mc = (1.275 ± 0.025) GeV. It is seen that the above results are not sensitive to aI=02 , so
the central value of aI=02 is actually mainly determined by the Bs → π+π−µ+µ− data. The errors induced by the
variations of the Wolfenstein parameters and the mean lifetime of the B0 or Bs meson are tiny, and have been omitted.
We may set the Bs → J/ψf0(1500)[f0(1500)→ π+π−] contribution to be 10.0% of the total Bs → J/ψπ+π− decay
rate, which roughly agrees with the corresponding values in both Solutions I and II presented by the LHCb Collabo-
ration [14]. The percentages of the other channels are then given by 70.9% and 2.0% for Bs → J/ψf0(980)[f0(980)→
7π+π−] and Bs → J/ψf0(1790)[f0(1790) → π+π−], respectively, and support the Solution I data [14]. Including all
the S-wave resonances f0(980), f0(1500) and f0(1790) in the scalar form factor, we have the total branching ratio
B(Bs → J/ψ(π+π−)S) =
(
1.62+0.69−0.52(ωBs)
+0.24
−0.19(a
I=0
2 )
+0.03
−0.02(mc)
)× 10−4, (31)
to which the interference between f0(980) and f0(1500) (f0(980) and f0(1790), f0(1500) and f0(1790)) contributes
1.61×10−5(1.42×10−5,−2.13×10−6). The B0 → J/ψf0(500)[f0(500)→ π+π−] branching ratio predicted in Eq. (30)
is consistent with the data (8.8± 0.5+1.1−1.5)× 10−6 in Ref. [17] and (6.4± 0.8+2.4−0.8)× 10−6 in Ref. [18].
For comparisons with other data, we read the branching ratio B(B¯s → J/ψπ+π−) out of the ratio [13]
B(B¯s → J/ψπ+π−)
B(B¯s → J/ψφ)
= (19.79± 0.47± 0.52)%, (32)
with the branching ratio B(B¯s → J/ψφ) = (1.07± 0.09)× 10−3 [41, 42]. Then a value B(Bs → J/ψf0(980)[f0(980)→
π+π−]) = (1.48 ± 0.14)× 10−4 is inferred from its percentage in the total decay rate of Bs → J/ψπ+π− [13]. This
outcome and the Belle data B(Bs → J/ψf0(980)[f0(980)→ π+π−]) = (1.16+0.31−0.19(stat)+0.15−0.17(syst)+0.26−0.18(NB(∗)s B¯(∗)s )) ×
10−4 [53] are both compatible with the PQCD prediction in Eq. (30).
A ratio of the decay rates,
Rf0/φ ≡
Γ(B0s → J/ψf0, f0 → π+π−)
Γ(B0s → J/ψφ, φ→ K+K−)
= 0.252+0.046+0.027−0.032−0.033, (33)
with f0 standing for the f0(980) meson, was measured by the LHCb Collaboration [54], and subsequently confirmed
by the CDF and D0 Collaborations [55, 56]. We predict this ratio
Rf0/φ = 0.220
+0.094+0.034+0.004+0.020
−0.073−0.029−0.002−0.017, (34)
where the first (second, third) error comes from the variation of the shape parameter ωBs (the Gegenbauer moment
aI=02 , the charm-quark mass), and the fourth one is attributed to the uncertainties of the B
0
s → J/ψφ and φ(1020)→
K+K− decay rates [41, 42]. Obviously, our prediction for Rf0/φ matches the data in Refs. [54–56].
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FIG. 2: Dependencies of the differential branching ratios dB/dω on the pion-pair invariant mass for (a) the resonances f0(980),
f0(1500), and f0(1790) in the Bs → J/ψpi
+pi− decay, and (b) f0(500) in the B
0
→ J/ψpi+pi− decay.
The predicted dependencies of the differential branching ratios dB/dω on the pion-pair invariant mass ω are pre-
sented in Fig. 2(a) for the resonances f0(980), f0(1500), and f0(1790) in the Bs → J/ψπ+π− decay, and in Fig. 2(b)
for f0(500) in the B
0 → J/ψπ+π− decay, which can be compared with the data in Refs. [13, 14, 17, 18]. A value of
the differential branching ratio at each invariant mass of the pion pair is proportional to the event number observed
by the LHCb Collaboration. We have adjusted the range of the y axis, such that it is easy to see the coincidence of
the the curves in Fig. 2 and the corresponding ones in Refs. [14, 17].
The integrated branching fraction for the Bs → π+π−µ+µ− decay was measured by the LHCb as [19]
B(Bs → π+π−µ+µ−) = (8.6± 1.5± 0.7± 0.7)× 10−8, (35)
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FIG. 3: (a) Predicted differential branching ratio for the Bs → pi
+pi−µ+µ− decay. (b) Comparison between the experimental
data (with triangle markers) the theoretical predictions (with square markers) for the differential branching ratio of the Bs →
pi+pi−µ+µ− decay.
where the first two errors are statistical and systematic, respectively, and the third error is due to the uncertainty
from the normalization, i.e. the B0 → J/ψ(→ µ+µ−)K∗(→ K+π−) branching fraction. Adopting the parameters of
the S-wave two-pion distribution amplitudes fixed in Eq. (29), we calculate Figs. 1(a) and 1(b), and the differential
branching fraction for the Bs → π+π−µ+µ− decay. Our result is displayed in Fig. 3(a), which clearly exhibits the
peak arising from the f0(980) resonance. Integrating over ω, we derive
B(Bs → π+π−µ+µ−) = (8.0± 2.4(ωBs)± 2.5(aI=02 ))× 10−8, (36)
consistent with the data in Eq.(35), where the theoretical errors are attributed to the variations of ωBs = (0.50±0.05)
GeV and aI=02 = 0.2 ± 0.2. In order to be compared with the LHCb data [19] carefully, we also present the binned
results in Fig. 3(b) from 0.5 GeV to 1.3 GeV, in which the data (with triangle markers) have been normalized to the
central value B(B0s → π+π−µ+µ−) = 8.6× 10−8. The comparison shows a general agreement between our theoretical
predictions and the data. The different around ω ∼ 0.8 GeV, if becoming more significant in the future, may imply the
inclusion of the missing f0(600) resonance into the parameterized form factor. It is noticed that the Bs → π+π−µ+µ−
mode is more sensitive to the parameter aI=02 than Bs → J/ψπ+π−, so the comparison in Fig. 3(b) is more crucial
for the determination of aI=02 as stated before.
With the assumption on the dominance of the f0(980) → π+π− transition, the Bs → f0(980)µ+µ− branching
fraction was found to be [19]
B(Bs → f0(980)(→ π+π−)µ+µ−) = (8.3± 1.7)× 10−8. (37)
On the other hand, the branching fraction B(Bs → J/ψf0) = (1.39± 0.14)× 10−4 [42] would indicate
B(Bs → f0(980)µ+µ−) ∼ 6.1× 10−8, (38)
according to the ratio [42]
B(B− → K−µ+µ−)
B(B− → J/ψK−) =
(4.49± 0.23)× 10−7
(1.027± 0.031)× 10−3 ∼ 4.4× 10
−4, (39)
if the above ratio was not sensitive to light final-state mesons as in most cases. The result in Eq. (38) is consistent
with that in Eq. (37), but the central value is lower by about 30%. Both Eqs. (37) and (38) agree with our prediction
in Eq. (36) basically. More precise data from the LHCb and the future KEKB will test our theoretical formalism.
9IV. CONCLUSION
In this work we have studied the contributions from the S-wave resonant states f0(980), f0(1500) and f0(1790)
to the Bs → J/ψπ+π− decay, and from f0(500) to the B0 → J/ψπ+π− decay in the PQCD approach with the
introduction of the S-wave two-pion distribution amplitudes. The BW formula for f0(500), f0(1500) and f0(1790)
and the Flatte´ model for f0(980) were adopted to describe the involved timelike scalar form factors, which contain
both resonant and nonresonant dynamics in the two-pion system. The resultant branching fractions, ratio Rf0/φ, and
differential branching fractions in the pion-pair invariant mass for the relevant resonance channels all agree with the
data well. The same two-pion distribution amplitude associated with the ss¯ component also leads to the differential
branching fraction of the Bs → π+π−µ+µ− decay, which is compatible with the data. It is stressed that the data
of both Bs → J/ψπ+π− and Bs → π+π−µ+µ− modes are required for determining the timelike scalar form factor
and the Gegenbauer coefficient in the S-wave two-pion distribution amplitudes completely. We conclude that our
formalism with the two-hadron distribution amplitudes is successful, and applicable to other three-body hadronic
B meson decays. The extracted S-wave two-pion distribution amplitudes can be employed to predict direct CP
asymmetries of the decays with intermediate S-wave resonances in various localized regions of the two-pion phase
space.
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Appendix A: Decay amplitudes
In this Appendix we present the PQCD factorization formulas for the diagrams in Fig. 1. The J/ψ vector meson
distribution amplitudes with longitudinal polarization read as
ΦLJ/ψ =
1√
2Nc
[
mJ/ψǫ/Lψ
L + ǫ/Lp/3ψ
t
]
, (A1)
with the longitudinal polarization vector
ǫL =
mB√
2mJ/ψ
(−r2, (1 − η), 0T) . (A2)
The twist-2 distribution amplitude ψL and the twist-3 distribution amplitude ψt take the forms [57]
ψL(x) = 9.58
fJ/ψ
2
√
2Nc
x(1 − x)
[
x(1− x)
1− 2.8x(1− x)
]0.7
,
ψt(x) = 10.94
fJ/ψ
2
√
2Nc
(1− 2x)2
[
x(1− x)
1− 2.8x(1− x)
]0.7
, (A3)
with the J/ψ meson decay constant fJ/ψ. The distribution amplitudes and the relevant parameters for the B
0 and
Bs mesons can be found in Ref. [58].
The analytic formula for the B0(s) → J/ψπ+π− decay amplitude is given by
A(B0(s) → J/ψπ+π−) = V ∗cbVcd(cs)
(
FLL +MLL
)− V ∗tbVtd(ts) (F ′LL + FLR +M ′LL +MSP ) . (A4)
For simplicity, we denote the distribution amplitudes ΦI=0vν=−(z, ζ, w
2) [ΦI=0s (z, ζ, w
2),ΦI=0tν=+(z, ζ, w
2)] by φ0 (φs, φσ)
below. The amplitudes for the B (B0 or Bs) meson transition into two pions from Fig. 1(a) and Fig. 1(b) are written
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as
FLL = 8πCFm
4
BfJ/ψ
∫ 1
0
dxBdz
∫ ∞
0
bBdbBbdbφB(xB , bB)
×
{√
η(1− r2) [((1− 2z)(1− η)− r2(1− 2z(1− η)))(φs + φσ) + 2r2φσ]
+
[
(1 + z)(1− η)− r2(1 + 2z(1− η))]φ0
]
a1(ta)Ee(ta)ha(xB , z, bB, b)
+
[
2
√
η(1− r2) [1− η − r2(1− xB)]φs
−(1− r2) [(1 − η)η + r2(xB − η)]φ0
]
a1(tb)Ee(tb)hb(xB , z, bB, b)
}
, (A5)
F ′LL = FLL|a1→a2 , (A6)
FLR = FLL|a1→a3 , (A7)
with the Wilson coefficients a1 = C1 +C2/Nc, a2 = C3 +C4/Nc +C9 +C10/Nc, and a3 = C5 +C6/Nc +C7 +C8/Nc.
The spectator diagrams in Fig. 1(c) and Fig. 1(d) yield the amplitudes
MLL = −32πCFm4B/
√
6
∫ 1
0
dxBdzdx3
∫ ∞
0
bBdbBb3db3φB(xB , bB)
×
{[√
η(1− r2)[2(1− η)(z(1− r2) + r2(1− x3))φσ
−(z(1− η)(1− r2) + r2xB)(φs + φσ)]ψL + (1− r2 − η)
×[ ((1 − x3 − xB)(1 − r2) + η(x3(1− 2r2)− (1 − r2)(1− z) + r2))ψL
+rrc(1− η)ψt
]
φ0
]
C2(tc)En(tc)hc(xB , z, x3, bB, b3)
−
[√
η(1− r2)[(2r2(xB − x3(1− η))ψL + 4rrc(1− η)ψt)φσ
−(r2xB + z(1− η)(1− r2))(φs + φσ)ψL
]
−(1− r2 − η) [(xB − z − x3(1 − η) + r2(z − x3))ψL + rrc(1− η)ψt]φ0
]
×C2(td)En(td)hd(xB , z, x3, bB, b3)
}
, (A8)
M ′LL = MLL|C2→a4 , (A9)
MSP = 32πCFm
4
B/
√
6
∫ 1
0
dxBdzdx3
∫ ∞
0
bBdbBb3db3φB(xB , bB)
×
{[
−
√
η(1− r2)[2r2((1 − x3)(1− η)− xB)ψL − 4rrc(1− η)ψt]φσ
+
√
η(1− r2) [z(r2 − 1)(1− η)− r2xB] (φs + φσ)ψL
+(1− r2 − η)[((1− x3)(1 + r2 − η) + z(1− r2)− xB)ψL
−rrc(1− η)ψt
]
φ0
]
a5(tc)En(tc)hc(xB , z, x3, bB, b3)
+
[√
η(1− r2) [2(η − 1)(r2(x3 − z) + z)φσ + (z(1− r2)(1 − η) + r2xB)(φs + φσ)]ψL
+(1− r2 − η)[ ((1− r2)(xB − zη) + x3(r2(1− 2η)− (1− η)))ψL
−rrc(1− η)ψt
]
φ0
]
a5(td)En(td)hd(xB , z, x3, bB, b3)
}
, (A10)
with the mass ratio rc = mc/mB, the notations ψ
L,t ≡ ψL,t(x3), and the Wilson coefficients a4 = C4 + C10 and
a5 = C6 + C8.
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The hard functions ha, hb, hc and hd are written as
ha(xB , z, bB, b) =
[
θ(b − bB)I0(mB
√
z(1− r2)bB)K0(mB
√
z(1− r2)b) + (b↔ bB)
]
×K0(mB
√
αbB)St(z),
hb(xB , z, bB, b) =
{
[θ(b− bB)I0(mB
√
κbB)K0(mB
√
κb) + (b↔ bB)] , κ ≥ 0
iπ
2
[
θ(b − bB)J0(mB
√
|κ|bB)H(1)0 (mB
√
|κ|b) + (b↔ bB)
]
, κ < 0
×K0(mB
√
αb)St(|xB − η|),
hc(xB , z, x3, bB, b3) =
[
θ(bB − b3)I0(mB
√
αb3)K0(mB
√
αbB) + (bB ↔ b3)
]
×
{
K0(mB
√
βb3), β ≥ 0
iπ
2 H
(1)
0 (mB
√
|β|b3), β < 0
hd(xB , z, x3, bB, b3) = hc(xB , z, 1− x3, bB, b3), (A11)
with the factors α = (1− r2)xBz, κ = (1− r2)(xB − η), and β = r2c − (z(1− r2) + r2(1− x3))((1− η)(1− x3)− xB),
and the Hankel function H
(1)
0 (x) = J0(x) + iY0(x). In the above expressions the threshold resummation factor St(x)
follows the parametrization in Ref. [59]
St(x) =
21+2cΓ(3/2 + c)√
πΓ(1 + c)
[x(1 − x)]c, (A12)
with the fitted parameter [60]
c = 0.04Q2 − 0.51Q+ 1.87, (A13)
and Q2 = m2B(1− r2) or Q2 = m2B(1− q2/m2B).
The evolution factors Ee(t) and En(t) in the factorization formulas are given by
Ee(t) = αs(t) exp[−SB(t)− SM (t)],
En(t) = αs(t) exp[−SB(t)− SM (t)− SJ/ψ(t)]|b=bB , (A14)
in which the Sudakov exponents are defined as
SB = s
(
xB
mB√
2
, bB
)
+
5
3
∫ t
1/bB
dµ¯
µ¯
γq(αs(µ¯)), (A15)
SM = s
(
z(1− r2)mB√
2
, b
)
+ s
(
(1 − z)(1− r2)mB√
2
, b
)
+ 2
∫ t
1/b
dµ¯
µ¯
γq(αs(µ¯)), (A16)
SJ/ψ = s
(
x3(1 − η)mB√
2
, b3
)
+ s
(
(1− x3)(1 − η)mB√
2
, b3
)
+ 2
∫ t
1/b3
dµ¯
µ¯
γq(αs(µ¯)), (A17)
with the quark anomalous dimension γq = −αs/π. The explicit expression of the function s can be found, for example,
in Appendix A of Ref. [61]. The hard scales ta, tb, tc and td involved in Figs. 1(a)-1(d) are chosen as
ta = max
{
mB
√
z(1− r2), 1/b, 1/bB
}
, tb = max
{
mB
√
|κ|, 1/b, 1/bB
}
,
tc = max
{
mB
√
α,mB
√
|β|, 1/bB, 1/b3
}
, td = tc|x3→(1−x3). (A18)
The PQCD factorization formulas for the Bs → π+π− form factors with the S-wave two-pion distribution amplitudes
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are written as
F0(q2) = 8πCFm2Bs
∫ 1
0
dxBdz
∫ ∞
0
bBdbBbdbφBs(xB, bB)
×
{[
η(zη + 1)φ0 +
√
η(1− r2)η(1 − 2z)φσ +
√
η(1− r2)(−2zη − η + 2)φs
]
×he(xB , zη, bB, b)αs(t1e)exp[−SB(t1e)− SM (t1e)]St(z)
+2
√
η(1− r2)ηφshe(z, xBη, b, bB)αs(t2e)exp[−SB(t2e)− SM (t2e)]St(xB)
}
, (A19)
F1(q2) = 8πCFm2Bs
∫ 1
0
dxBdz
∫ ∞
0
bBdbBbdbφBs(xB, bB)
×
{[
(zη + 1)φ0 −
√
η(1 − r2)(1 + 2z − 2/η)φσ −
√
η(1− r2)(2z − 1)φs
]
×he(xB , zη, bB, b)αs(t1e)exp[−SB(t1e)− SM (t1e)]St(z)
+2
√
η(1− r2)φshe(z, xBη, b, bB)αs(t2e)exp[−SB(t2e)− SM (t2e)]St(xB)
}
, (A20)
FT (q2) = 8πCFm2Bs(1 +
√
η(1− r2))
∫ 1
0
dxBdz
∫ ∞
0
bBdbBbdbφBs(xB , bB)
×
{[√
η(1 − r2)(−z)φs + φ0 +
√
η(1− r2)(z + 2/η)φσ
]
×he(xB , zη, bB, b)αs(t1e)exp[−SB(t1e)− SM (t1e)]St(z)
+2
√
η(1− r2)φshe(z, xBη, b, bB)αs(t2e)exp[−SB(t2e)− SM (t2e)]St(xB)
}
. (A21)
The above expressions are similar to those for B meson decays into a scalar meson [62] except the replacement of
masses and distribution amplitudes. The definitions of the hard function he and the hard scales t
1,2
e can also be found
in Ref. [62]. Note that the factors St in the second terms depend only on xB, instead of xB − η as in Eq. (A11),
because we considered the small η region for the Bs → π+π−µ+µ− decay here.
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